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Aim

Spread of epidemics in a network :

Explore how the ratio of cure to infection rates
affects the mean epidemic lifetime
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Motivation

Explore the topological properties in a network :

spread of epidemics ;
spread of worms and email viruses ;
dissemination of information ;
cascading failures.
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Modelling Assumptions

Graph G = (V ,E )
Vector X(t) denotes the state of nodes at time t

G is finite, undirected & connected;
continuous time version;

the state of node i at time t : Xi(t) =
{

1, infected;
0, healthy.

P(Xi : 0→ 1) = β
∑

(i ,j)∈E
Xj , constant β ∈ (0, 1];

w.l.o.g. P(Xi : 1→ 0) = δ= 1.
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Topology Conditions

Let τ denote the time until the epidemic dies out.

Condition 1: Fast Recovery

ρ(A) <
1
β

⇒ E[τ ] = O(log n),

where ρ(A) denotes largest eigenvalue of adjacency matrix of G .

Condition 2: Last Infection

η(m) >
1
β

⇒ logE[τ ] = Ω(nα) for some α > 0,

where η(m) denotes generalized isoperimetric constant of G as

η(m) = inf
S⊂V ,|S|≤m

E (S, SC )

|S| , 0 < m ≤
[n
2

]
.
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Supported Mathematical Theorems

Theorem 1
Suppose ρ(A) < 1

β . Then, the probability that the epidemic has not died
out by time t, given the initial condition X(0) ∈ {0, 1}V , admits the
following upper bound:

P(X(t) 6= 0) ≤
√

n ‖ X(0) ‖1e(βρ(A)−1)t ,

where ‖ X(0) ‖1=
n∑

i=1
Xi (0). In addition, under the condition 1, the time

to extinction τ verifies
E(τ) ≤ log(n) + 1

1− βρ(A)
,

for any initial condition X(0).
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Supported Mathematical Theorems

Theorem 2
Assume that the following inequality holds:

r :=
1

βη(m)
< 1,

Then for any initial condition X(0) with
n∑

i=1
Xi (0) > 0, it holds that,

P

(
τ >

[r−m+1]

2m

)
≤ 1− r

e (1 + O(rm)).
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Experimental Result

Ratio: infection
cure = 1;

Initial condition:
{

No. of infected nodes = 100
No. of infected nodes = 200

Click to start video 1.mp4
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Microsoft Game DVR

Simulation - D:\temp\gama\GAMA_1.8.1_Windows_with_JDK\configuration\org.eclipse.osgi\15\0\.cp\models\Toy Models\Epidemiology\models\Susceptible Infected Recovered (SIR).gaml

1.mp4
Media File (video/mp4)



Experimental Result

Ratio: infection
cure = 2.5;

Initial condition:
{

No. of infected nodes = 100
No. of infected nodes = 200

Click to start video 2.mp4
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Microsoft Game DVR

Simulation - D:\temp\gama\GAMA_1.8.1_Windows_with_JDK\configuration\org.eclipse.osgi\15\0\.cp\models\Toy Models\Epidemiology\models\Susceptible Infected Recovered (SIR).gaml

2.mp4
Media File (video/mp4)
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Star graph

Theorem 3
For all conditioned on there is at least one node infected initially, much
tighter conditions in star graph can be obtained as

1

β =
C√
n for fixed C > 0 ⇒ E[τ ] = O(log n);

2

β = nα−
1
2 for some α ∈ (0, 12) ⇒ logE[τ ] = Ω(nα).
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Power law graph

In Power law graph, so-called scale-free graph, the probability P(k) that a
vertex with k degree follows power law as

P(k) ∼ k−γ , γ > 1.

Figure: In the scale-free network, the larger hubs are highlighted1

1https://en.wikipedia.org/wiki/Scale-free_network
Xinyi Wu (UoB) Network Topology Dec. 2020 24 / 32



Power law graph

Topology conditions in power law graph can be obtained as

Theorem 4
Let m denote the maximum degree in the power law graph. For γ ≥ 2.5,

1

β <
1− u√

m for some u ∈ (0, 1) ⇒ E[τ ] = O(log n);

2 for 0 < λ < 1
γ−1 ,

β > mα− 1
2 for some α ∈ (0, 1) ⇒ logE[τ ] = Ω(nλα).
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Power law graph

Topology conditions in power law graph can be obtained as

Theorem 5
Let m denote the maximum degree and d denote average degree.
For 2 < γ < 2.5,

1 for some u ∈ (0, 1),

dβ (γ − 2)2

(γ − 1)(3− γ)

(
(γ − 1)m
(γ − 2)d

)3−γ
< 1− u ⇒ E[τ ] = O(log n);

2 let η = d (γ−2)2

(γ−1)(3−1γ)

(
(γ−1)m
(γ−2)d

)3−γ
. For 0 < λ < 1

γ−1 , 0 < u < 1, βη > 1 + u
η � log n

(
d(γ−2)
m(γ−1)

)γ−1 ⇒ logE[τ ] = Ω(n1−λ(γ−1)).
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Summary
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Future work

More rigorous manner, other topological properties and other classes
of network?

How the initial set of infected nodes affects the behavior of
epidemics in star and power law graph?
Consider metastable2 set of nodes?
Consider immune?

2J.O. Kephart and S.R. White. "Directed-graph epidemiological models of
computer viruses," Proc. 1991 IEEE Computer Society Symposium on Research
in Security and Privacy (1991), 343–359.
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Thank you for your attention!

Questions?

Xinyi Wu (UoB) Network Topology Dec. 2020 32 / 32


	Introduction
	Mathematical Modelling
	Simulation in GAMA
	Supplementary Analysis
	Summary and Future work

